Abstract: Recent studies on multivariate control charts are based on Hotelling's T 2 control chart. Due to the fact that the Bayesian control charts in a univariate can be effective on performance of control charts, this paper has proposed the multivariate Bayesian control chart based on economic and economic-statistical design. As finding distribution of Bayesian statistic is too difficult, the Monte Carlo method has been employed in order to determine design optimum parameters (sample size, sampling interval and control limit). Also, artificial bee colony (ABC) algorithm has been applied to search for the optimal design parameters. Ultimately, the performance of the proposed control chart and Hotelling's T 2 were compared for more in-depth investigation.
Introduction
The Hotelling's T 2 control chart, as the most common control chart in multivariate, is an extension of Shewhart control chart in a univariate, to monitor two or more related quality characteristics that was proposed by Hotelling (1947) . Jackson (1985) paid attention to properties of a multivariate control chart afterwards, expressing that multivariate techniques possess three important properties: 1 they will produce a single answer to the question: "Is the process in control?" 2 the specified type I error will be maintained 3 these techniques will take the relationship between those two variables into account.
A review of multivariate quality control charts was provided by Lowry and Montgomery (1995) . In these papers, the optimum parameters (sample size, sampling interval and control limit) that were selected by designers were determined based on statistical design (SD). The strategy was to choose design parameters to maximise the time between false alarms and minimise the time of detecting an off-target process.
On the other hand, considering an economic property in the design of control charts has been used by many researchers, like Duncan (1956 Duncan ( , 1971 , Lorenzen and Vance (1986) , Banerjee and Rahim (1988) and Torabian et al. (2010) . They mostly obtained design parameters by minimising the expected cost per unit time. But Woodall (1986) focused on weaknesses of economical design (ED) of control charts, expressing that the EDs have a high type I error probability, which itself can lead to unnecessary process adjustment or a loss of trust in the control system.
To address this issue, Saniga (1989) developed SD and ED to an economic-statistical design (ESD) by applying statistical features to EDs. He illustrated that not only this proposal decreases cost but also its statistical properties are as good as statistical designed control charts. Zhang and Berardi (1997) , Prabhu et al. (1997) , Yang and Rahim (2005) and Faraz et al. (2009) followed this scheme thereafter.
The common used statistic is X-bar in a univariate and Hotelling's T 2 in a multivariate. Despite the fact showed by Taylor (1965 Taylor ( , 1967 ) that these traditional techniques are not optimal, non-Bayesian statistics were widely used in control charts. Therefore, some researchers focused on Bayesian control charts while others like Girshick and Rubin (1952) , Eckles (1968) , and Ross (1970) , did initial efforts on Bayesian process control, rather than the control chart itself. Recently, Tagaras (1994 Tagaras ( , 1996 , Calabrese (1995) , Tagaras and Nikolaidis (2002) , Maikis (2009 , 2016 are considering Bayesian control charts.
In this paper, multivariate Bayesian control chart has been proposed and its performance based on economic and economic-statistical design has been studied. Based on the fact that finding the distribution of Bayesian statistic seemed difficult, Monte Carlo method has been employed. Also, instead of common used Genetic algorithm, ABC algorithm (that is newer, faster and more accurate) (Karaboga and Akay, 2009; Karaboga and Busturk, 2007) has been applied to search for optimal design parameters.
The paper is organised as follows: In the next section (Section 2), a multivariate Bayesian control chart is defined. The economic and economic-statistical designs of multivariate Bayesian control chart have been brought up in Section 3. In Section 4, optimisation method and ABC algorithm are briefly reviewed. Finding the design optimum parameters for economic and economic-statistical design of multivariate Bayesian control chart and comparison between our proposal and Hotelling's T 2 and an illustrative example have been presented in Sections 5 and 6 respectively. Finally, the last section provides some concluding remarks.
Multivariate Bayesian control chart
In order to measure and control p correlated characteristics of a process products simultaneously, by assuming that ] Since, in practice, μ 0 and ∑ are generally unknown, they must be estimated from m initial samples, each of size n. The sample estimates of μ 0 and ∑ are X and S respectively, where
In phase ІІ or the process monitoring phase and at time t, to measure and control p correlated characteristics of the process products we take a random sample of size n from the production line. X tk is the p dimensional vector of this random sample where k = 1, …, n. We know that the statistic of the Hotelling's T 2 in this phase is as follow:
where t X is the mean of X tk s which is independent of the estimators of the parameters. In this case and in this phase, if n > 1, 2 
As was expressed, when process is in in-control period, U t has a F distribution with parameters p and m(n -1) -p + 1 and when is in out-of-control period, has a non-central F distribution with parameters p and m(n -1) -p + 1 and non-central parameter
The statistic of Bayesian control chart is defined as the posterior probability that process be in-control. It is denoted by η t at the t th stage of sampling. Thus
, where X 0 is all samples in the commissioning phase which was estimated parameters and U t 's are obtained by observations till time t in the monitoring phase. As was shown in the literature Tavakoli et al. (2016) in a univariate, it is simply to show that
) is density functions of u t given the process is in-control which is distributed as F distribution with p and m(n -1) -p + 1 degrees of freedom. Also φ(u t │ μ t = μ 1 ) is density functions of u t given the process is out-of-control which is distributed as non-central F distribution with parameters p, m(n -1) -p + 1 and
It is obvious that 0 < η t < 1 and production continues as long as η t > k, where k is a control limit.
Economic and economic-statistical design of Bayesian scheme
Within this paper, economic-statistical design is built by economic model proposed by Costa and Rahim (2001) based on the Markov chain approach, with some statistical constraints in terms of AATS and ANF. To formulate an economic model for the design of a control chart, we consider certain assumptions about the behaviour of the process.
Model assumptions
1 Bayesian control chart with variable sampling interval is employed to monitor and control the process.
2 The quality characteristic of interest, X, is multivariate normally distributed with incontrol mean vector μ 0 and covariance matrix ∑.
3 The process is subject to the one assignable cause that shifts the mean of the quality characteristic (process mean) to μ 1 = μ 0 + d, where d is the shifts vector.
4 Drifting process is not a subject of this research, so during the production the variance is assumed constant.
5 The process begins in the in-control state and the length of time that process stays in control is exponentially distributed with mean 1 . λ 6 The process is not self-correcting; hence, if the process leaves the in-control state, it can be return to this condition only by management intervention upon appropriate corrective actions.
7 The quality cycle continues until the process is repaired after an out-of-control signal. It is assumed that quality cycle follows a renewal reward process.
8 During the search for an assignable cause, the process is shut down.
The cost function
According to this economic model, the process cycle consists of following phases, as illustrated in Figure 1 :
2 out-of-control period 3 time to detect an assignable cause 4 time to repair an assignable cause.
These four steps form the basis of the renewal reward process that can be used to calculate the quality cycle cost per hour for a specified set of design parameters. 
In-control time
It is assumed that the length of time that process stays in control is exponentially distributed, then average time until an occurrence of an assignable cause is 1 . λ Also, since the production stops during false-alarm searches, this time must be taken into account. The expected time spent on searching for false alarms is the product of the expected time to determine a false alarm and the expected number of false alarms. Therefore, the expected in-control time is calculated as
T 0 is the average amount of time wasted searching for the assignable cause.
Out-of-control time
The out-of-control time is given as the sum of the following:
1 the average time to signal after process shift which is given by AATS 2 the average time to find and remove the assignable cause which is given as T 1 .
Therefore, the expected out-of-control time is calculated as
Total quality cycle time
As respect to considered economic model, we have two period in and out-of-control. The expected total cycle time is given as the sum of the times of these periods as follows:
ATC is the average time of cycle which is the average time from the start of the production until the first signal after the process shift.
Quality cycle cost
In order to build the loss function, Costa and Rahim (2001) computed the lost profit per hour. It is organised as two main components: the expected net profit from a production cycle and the average profit per hour earned when the process is operating in control. The first component is given by
where V 0 and V 1 are the average profit per hour earned when the process is operating in and out-of-control, respectively, a 3 is the average cost to detect and remove the assignable cause, 3 a′ is the average consequence cost of a false alarm, a 2 is the cost per an inspected item and ANI is the average number of inspected items per cycle. Then, the expected net profit from a production cycle per hour is as follows:
Therefore, the average production cycle cost or the lost profit per hour is given by the following:
In this paper we did not consider production run finite. It means that the production cycle continues till receiving a signal and the process control continues simultaneously without any limitation on production time. Based on ED we look for minimising E(L), but on ESD also some statistical constraints apply as follows:
As the reference Faraz et al. (2009) and due to an each production shift is 8 hours commonly, we fixed AATS 0 = 7 and ANF 0 = 0.5. Because, we want have a correct signal in each production shift. To evaluate object function E(L), it is necessary to determine AATS, ATC, ANI and ANF. Common computational methods for these parameters require knowledge on distribution of control chart statistic. For instance, in X-bar chart, when quality characteristic is normally distributed, the distribution of the control chart statistic, i.e., , X is normal too, therefore we can apply Markov chain approach to compute transition probability matrix and the mentioned parameters. In order to study further, see Costa and Rahim 2001 , Faraz et al. 2009 .
Since the Bayesian statistic does not have specified distribution, we used Monte Carlo method to obtain the mentioned parameters, E(T), E(P) and then E(L). At first, we should notice that according to the definition of AATS and ATC it is obvious that 1 .
AATS ATC λ = −
Therefore, it is sufficient to compute three parameters ATC, ANF and ANI. Thus the production cycle is simulated repeatedly and in each iteration of simulation, the time of production cycle (s 1 ), number of false alarms (s 2 ) and number of inspections (s 3 ) are computed. Table 1 
we can calculate E(T), E(P) and then E(L).

Optimisation method
It is clear that for finding the optimum control chart, we should obtain optimum design parameters. Based on this paper, when it is considered the ED, the parameters should find to minimise E(L) and when the ESD is considered, the parameters are obtained to minimise E(L) such that Other parameters such as ANF, AATS and ANI can be computed similarly. In this paper we assumed N = 100,000.
The ABC algorithm is employed to search for the optimal values of design parameters. Karaboga (2005) proposed an artificial bee colony, which is based on a particular intelligent behaviour of honeybee swarms. ABC is developed based on inspecting the behaviours of real bees on finding nectar and sharing the information of food sources to the bees in the hive. Agents in ABC are the employed bee, the onlooker bee and the scout bee. The employed bee stays on a food source and provides the neighbourhood of the source in its memory. The onlooker bee gets the information of food sources from the employed bees in the hive and select one of the food source to gathers the nectar. The scout is responsible for finding new food, the new nectar and sources. Procedures of ABC are as follows:
• initialise (move the scouts)
• move the onlookers
• move the scouts only if the counters of the employed bees hit the limit
• update the memory
• check the termination condition.
Probability of selecting a nectar source is:
where P i is the probability of selecting the i th employed bee, S is the number of employed bees, θ i is the position of the i th employed bee and F(θ i ) is fitness value. The new position, calculate as follow:
where x i is position of the onlooker bee, t is the iteration number, θ k is the randomly chosen employed bee, j is the dimension of the solution and φ(.) is a series of random variable in the range [-1, 1] . And the movement of the scout bees follows equation
where r ∈ [0, 1] is a random number. For more in-depth knowledge, the reader can refer to Karaboga and Akay (2009) and Karaboga and Basturk (2007, 2008) .
Numerical result
The optimisation and simulation algorithm for multivariate Bayesian control chart based on ED, ESD and each row of Table 1 are coded in MATLAB. The input variables which are given in Table 1 are a 2 , 3 , a′ a 3 , V 0 , V 1 , T 0 , T 1 , λ and δ. These are different conditions and cases of process shifts, times, and costs which were proposed by Costa and Rahim (2001) . By these values we can evaluate the performance of control charts in different conditions. Table 1 Values of a 2 , 3 , a′ a 3 , V 0 , V 1 , T 0 , T 1 , λ and δ For multivariate Bayesian control chart based on ED and ESD, the optimum design parameters and minimum cost and also optimum statistical properties were determined, respectively and separately. These values are presented in Tables 2 and 3 . Similarly, to more investigation and comparison, we coded the algorithm of Hotelling's T 2 approach by using ABC algorithm. In addition, the values obtained for Bayesian scheme, were found for Hotelling's T 2 based on ED and ESD, separately. These values are shown in Tables 4 and 5 . All the cases of Table 1 are input values of a process. These are some kinds of time and cost parameters of process except rows 6, 9 and 10 which are related to different kinds of shifts. In row 6, the large shift is considered and in rows 9 and 10 small shifts are taken into consideration. Also, moderate shifts are regarded in other rows. Since the process times and costs are very different in each process production, it is more important to pay attention to the performance and behaviour of control charts in various shifts. According to Table 2 and Table 3 , Bayesian control chart (based on economic-statistical design) has lower statistical properties (AATS and ANF) than this approach (based on economic design), hence, under ESD the speed of detect shifts is higher and the number of false alarms is lower than ED. Thus, performance of this control chart (based on ESD) has a better performance statistically in comparison with ED. Also, the economic property (LOSS) under ESD is more desirable than ED in all rows, except rows 2 and 4 which are related to two cases of process cost and income. It concludes that the economic performance of Bayesian scheme under ESD is better than ED in all kinds of process shifts and times and more cases of process costs. These results prove our hypothesis about the features of ESDs and the weakness of EDs in which the statistical properties. Despite importance of statistical properties in decision about production processes, they are not considered in EDs.
Comparing Table 2 with 4 and Table 3 with 5, it can be seen that the Statistical and economic properties under ESD Bayesian is very better than ESD Hotelling's T 2 control chart. This also holds for another design. That is, the economic property under ED of Bayesian is lower than ED of Hotelling's T 2 control chart. Therefore, the efficiency of Bayesian is very better than Hotelling's T 2 control chart based on ESD and ED, separately.
An illustrative example
This section illustrates ED and ESD of the multivariate Bayesian control chart with an industrial example which is considered by Chen (Torabian et al., 2010) .
Consider two quality characteristics of soft drink fabrication process are the pressure inside the soft drink bottle and the gas volume present in the drink. The in-control process mean and variance are unknown but they are estimated by 50 initial samples. The estimated values of μ 0 and ∑ are (6.93, 3.86) x = and 0.06 0.04 ,
According to the previous runs, the shift will happen after 100 hours which it means λ = 0.01. In this process, it has been determined that the cost for each inspected item is $5 (a 2 = 5). The average amount of time wasted searching for the assignable cause is about 2.5 hours (T 0 = 2.5) and the average time to find and remove the assignable cause (which is given as T 1 ) is equal to 1. The process is subject to the magnitude of shift one (d = 1). The earned profit of the process is $500 (V 0 = 500) for in-control period and about $100 (V 1 = 100) for out-of-control period. The average consequence cost of a false alarm is $500 ) 500 ( 3 = ′ a and the average cost to detect and remove the assignable cause is $500 (a 3 ). Determining both ED and ESD separately, optimal design parameters and economic and statistical properties for Hotelling's T 2 and multivariate Bayesian control charts will be obtained based on above mentioned values. The results are shown in Tables 6 and 7 respectively. 
Concluding remarks
It has proved that the Bayesian control charts in univariate can be effective on performance of control charts. In this paper, we developed this scheme to multivariate based on ED and ESD due to the economic model which was proposed by Costa and Rahim (2001) . The optimum design parameters, optimal statistical properties and the minimum cost are determined. For performance analysis of proposed scheme and comparison, above mentioned values are found for Hotelling's T 2 control chart. As can be seen, these values illustrated that the proposed scheme has better performance than Hotelling's T 2 scheme in all conditions and cases of process shifts, costs and times. This holds under ED and ESD too.
In Bayesian approach, although, the loss in the ED is less than ESD in two rows of Table 1 (row 2 and 4), but in other rows ESD is better. Also, the statistical properties in economic-statistical is more desirable than economic design. Therefore, in general, the performance of economic-statistical design is better than economic design.
